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Delineating incoherent non-Markovian dynamics using quantum coherence
Titas Chanda∗ and Samyadeb Bhattacharya†
Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad - 211019, India
We introduce a method of characterization of non-Markovianity using coherence of a system inter-
acting with the environment. We show that under the allowed incoherent operations, monotonicity
of a valid coherence measure is affected due to non-Markovian features of the system-environment
evolution. We also define a measure to quantify non-Markovianity of the underlying dynamics
based on the non-monotonic behavior of the coherence measure. We investigate our proposed
non-Markovianity marker in the behavior of dephasing and dissipative dynamics for one and two
qubit cases. We also show that our proposed measure captures the back-flow of information from
the environment to the system and compatible with well known distinguishability criteria of non-
Markovianity.
I. INTRODUCTION
In recent years the study of open quantum systems has
been the interest of many researchers [1–3], due to the fact
that in realistic situations the system is rarely isolated and
usually affected by the environment. Based on the mem-
ory effects and information flow between the system and
the environment, the reduced open system dynamical pro-
cesses are divided into two categories, namely, Markovian
and non-Markovian dynamical maps. The Markovian dy-
namics of the system assumes weak system-environment
interaction, short environment correlation time and as a
result “memory-less” information flows between the sys-
tem and the environment. It is mathematically described
by completely positive semigroup maps, or by the solution
of a master equation of the Lindblad type [1, 4]. But in
practice the strong coupling between system and environ-
ment generally leads to non-Markovian dynamics, where
the manifestation of memory effects develops the back-
flow of information from the environment to the system
[5, 6] and causes the breakdown of the semi-group prop-
erty [7, 8]. Thus Markovian maps are not always proper
approximation of the underlying dynamics when dealing
with many essential properties of open quantum systems,
while memory effects and non-Markovianity have been
shown to be a resource for quantum technologies. For ex-
ample, effects of non-Markovianity has been investigated
for quantum metrology [9], quantum key distribution [10],
many-body physics [11], quantum teleportation [12], en-
tanglement generation [13], optimal control [14], quantum
biology [15], and channel capacity [16].
Interestingly the concept of Markovian and non-
Markovian dynamics in the classical regime is properly
defined and widely studied [17], but its quantum ver-
sions are somewhat ambiguous, subtle and often contro-
versial in some sense. Thus various criteria have been
proposed in recent literature to quantitatively character-
ize non-Markovian dynamics based on different consider-
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ations such as semigroup property, divisibility, or back-
flow of information from the environment to the system
etc. Based on the breakdown of semigroup property of the
dynamical maps, Wolf et al. proposed a measure for non-
Markovianity in terms of the deviation of the logarithm of
dynamical maps from the canonical Lindblad generators
[8]. Rivas et al. quantified non-Markovianity as the degree
of deviation from divisibility of dynamical maps, which is
commonly known as RHP measure [7]. Breuer et al. de-
fined a measure, known as BLP measure, in terms of the
non-monotonic behavior of distinguishability between dif-
ferent evolving states, which is associated with the back-
flow of information from the environment to the system
[5]. Also a number of non-Markovianity measures and wit-
nesses have been proposed based on the non-monotonic
behavior of some quantum information measures, due to
nondivisibility of the completely positive and trace pre-
serving (CPTP) maps in non-Markovian dynamics. For
example, there have been significant attempts to quan-
tify non-Markovianity using entanglement [7], quantum
mutual information [18], the flow of quantum Fisher in-
formation [19], fidelity between dynamical time-evolved
states [20], accessible information [21], local quantum un-
certainty [22], quantum interferometric power [23], and
total entropy production [24]. In most of these cases, com-
putation of non-Markovianity measures requires an extra
ancilla along with the system, and is complicated to calcu-
late due to optimization problems. Also though different
non-Markovianity measures have been defined based the
non-monotonicity due to nondivisibility of CPTP maps,
they are in general incompatible with each other [2, 3, 25].
In this work, we propose a method to characterize the
non-Markovianity of an incoherent open system dynamics
(IOSD) through the non-monotonic behavior of quantum
coherence (QC) measures. QC is one of the foremost fea-
ture of quantum mechanics that differentiates quantum
world from the classical one [26]. It posses a wide-ranging
impact on quantum optics [27], quantum information [28],
solid state physics [29, 30], and thermodynamics [31]. Re-
cently a set of physical requirements has been formulated
which should be satisfied by any valid measure of QC [32].
We show that any non-monotonicity in the dynamics of
a valid QC measure under an IOSD, will act as a wit-
2ness of non-Markovianity. In this formalism no ancilla is
needed to quantify the non-Markovian dynamics and the
given measure is easy to compute even for complicated
dynamics, thus making it experimentally easily tractable.
We also show that this formalism is compatible with dis-
tinguishability criteria for various open system dynamics,
and captures the back-flow of information from environ-
ment to the system.
The paper is organized as follows. In Section II we
briefly discuss the theory of QC from resource theory per-
spective and the measures of QC used in this study. In
Section III we point out sufficient conditions for an open
system dynamical map to be an IOSD and introduce a
non-Markovianity measure based on the non-monotonic
evolution of QC measures under an IOSD. Section IV
deals with the non-Markovianity present in depashing
and dissipative channels for one and two qubit systems
and show that the non-Markovianity measure derived us-
ing QC measure is qualitatively consistent with measures
based on different criteria, such as distinguishabilty, divis-
ibility, quantum mutual information, quantum interfero-
metric power etc. Finally in Section V we summarize with
concluding remarks.
II. QUANTUM COHERENCE
Quantum coherence (QC) is the direct consequence of
quantum mechanical superposition principle and enables
a quantum system to show quantum interference phe-
nomena. It is usually described by the existence of the
off-diagonal elements of a density matrix with respect to
a chosen basis, {|i〉}i=1,...,d of the d-dimensional Hilbert
space H. All the density matrices that are diagonal in
that basis, are incoherent states, thus creating the set of
incoherent quantum states I ⊂ H [32]. Hence, all density
matrices of the from
δ =
d∑
i=1
ci |i〉 〈i| (1)
are incoherent, and any state which cannot be written in
this form is coherent [32]. States {|Ψd〉} of the form
|Ψd〉 = 1√
d
d∑
i=1
eiφi |i〉 (2)
have maximal QC, where all φi ∈ [0, 2π).
As quantum entanglement resource theory requires the
definition of non-entangling operations (LOCC) [33], the
notion of incoherent operations naturally comes into the
picture of quantum coherence resource theory. By defi-
nition, an incoherent operation (say, Λ) is a completely
positive and trace preserving (CPTP) map, which always
maps any incoherent state to another incoherent one, i.e.,
for any δ ∈ I, Λ(δ) ∈ I [32]. Well known channels such as,
phase-flip (PF), bit-flip (BF), bit-phase-flip (BPF), depo-
larising, phase damping and amplitude damping channels
[28], which are important for decoherence mechanisms in
single qubit systems, are examples of such operations in
regular computational basis {|0〉 , |1〉}.
Recently, Baumgratz et al. [32], based on the two
classes of incoherent quantum operations, have formulated
a set of physical requirements which should be satisfied by
any valid measure of quantum coherence C:
A. C(δ) = 0, whenever δ ∈ I;
B.1. Monotonicity under incoherent completely posi-
tive and trace preserving (ICPTP) maps (ΛICPTP),
C(ΛICPTP(ρ)) ≤ C(ρ);
B.2. Monotonicity under selective measurements on aver-
age, C(ρ) ≥ ∑n pnC(ρn), where ρn = (KnρK†n)/pn
and pn = Tr(KnρK
†
n), for any set of Kraus operators
{Kn} satisfying
∑
nKnK
†
n = 1 and KnIK†n ⊂ I for
each n.
C. Convexity, C(pρ1+(1−p)ρ2) ≤ pC(ρ1)+(1−p)C(ρ2)
for any states ρ1 and ρ2 and p ∈ [0, 1].
Based on the mentioned criteria Baumgratz et al. [32]
also found that the relative entropy of coherence
CR.E(ρ) = S(ρdiag)− S(ρ), (3)
where S is the von Neumann entropy and ρdiag is obtained
from ρ by deleting all the off-diagonal elements, and the
l1-norm of coherence
Cl1 =
∑
i,j
i6=j
|ρij | (4)
are both valid measures of QC. In this paper, we have have
concentrated on the l1-norm of coherence for demonstra-
tion purpose, while any proper QC measure is expected
to show similar results.
III. QUANTIFYING NON-MARKOVIANITY OF
AN IOSD USING QUANTUM COHERENCE
In this section, we will first set conditions for open-
system dynamical maps for being an IOSD and then will
try to witness the non-Markovian feature present in such
IOSD’s using QC measures. For this purpose, let us
first consider the class of open-system dynamical evolu-
tion given by the time-local master equation
ρ˙(t) = L(t)ρ(t), (5)
where L(t) is the Liouvillian superoperator [4] given by
L(t)ρ(t) =− i[H(t), ρ(t)] +
∑
k
γk(t) [Ak(t)ρ(t)A
†
k(t)
− 1
2
{A†k(t)Ak(t), ρ(t)}]. (6)
Here H(t) is the Hamiltonian of the system, Ak(t) are the
Lindblad operators, and γk(t) are the relaxation rates.
3The open-system dynamical evolution given in Eqs.(5)
and (6) being incoherent one under some preferred choice
of basis requires
ρ˙ij(t) = 0 for all i 6= j and each ρ ∈ I, (7)
at each instance of time. This helps us to deduce the
sufficient conditions that the evolution given in Eqs.(5)
and (6) will be incoherent:
D.1. H(t) is diagonal in the preferred basis.
D.2. (Ak(t))il(A
∗
k(t))jl = 0 for all l and i 6= j, i.e., Ak(t)
can have at most one non-zero element in each col-
umn in that basis.
If we use Kraus operator formalism instead of master
equations to define a open-system dynamics like ρ(t) =∑
nKn(t)ρ(0)K
†
n(t), then the Kraus operators {Kn} need
to satisfy a sufficient condition like D.2., i.e., they can
have at most one non-zero element in each column in the
chosen basis, to describe an incoherent operation.
A dynamical map Λt,0 will be Markovian in the sense
that it will be CP-divisible [7], i.e.,
Λt,0 = Λt,rΛr,0 ∀ r ≤ t, (8)
where all {Λ}’s in Eq. (8) are CPTP maps. The CP-
nondivisibility of the dynamical maps has been argued
to be the essential feature of non-Markovian dynamics
[2, 3, 7, 34, 35] (cf. [36]). In this sense, the dynamical
evolution given in Eqs.(5) and (6) will be Markovian if
all γk(t) ≥ 0 at each instance of time [1]. In such cases,
the dynamical map Λt,r will be defined in terms of time-
ordered CPTP maps such that Λt,r = T exp
[∫ t
r dτL(τ)
]
,
where T represents the time-ordering operator [1]. Con-
versely, if at any instance γk becomes negative, then the
master equation given in Eqs.(5) and (6) will describe a
non-Markovian dynamics.
CP-nondivisibility of non-Markovian dynamics and
monotonic behavior of QC measures under ICPTP maps
can be used to detect and quantify the non-Markovianity
of an IOSD (Λ). As QC measures are monotonically de-
creasing function of t ≥ 0 under ICPTP maps, we have
dC(ρ(t))
dt ≤ 0 for Markovian dynamics, C being a proper
QC measure. Any violation of this monotonicity, i.e.,
dC(ρ(t))
dt
> 0 (9)
at any instance of time t, will serve as a indication of
non-Markovianity. This non-monotonic behavior of QC
measure is expected due to the back-flow of information to
the open system from the environment, which is one of the
foremost feature of non-Markovian dynamics. From this
non-monotonicity of QC measures, we propose coherent
measure of non-Markovianity for an IOSD as follows,
NC(Λ) = max
ρ(0)∈Ic
∫
dC(ρ(t))
dt
>0
dC(ρ(t))
dt
dt, (10)
where maximization is taken over all the initial states ρ(0)
belonging to the set of coherent states Ic. This non-
Markovianity measure is exactly computable for various
dynamics. However in case of large systems (i.e., large
d), maximization involved in Eq. (10) can be hard to cal-
culate due to formidable optimization, and we can use a
simplified version of the measure NC instead like,
NmC (Λ) = max
ρ(0)∈{|Ψd〉}
∫
dC(ρ(t))
dt
>0
dC(ρ(t))
dt
dt, (11)
where the maximization is taken over the set of all maxi-
mally coherent states {|Ψd〉} of the form given in Eq. (2).
Though the measure NC (or NmC ) can capture non-
Markovian features only for incoherent dynamics, unlike
other well known measures [5, 7, 18, 21–24], it does not
need an extra ancilla coupled to the system. This makes
it easy to compute and experimentally more feasible even
for much complicated dynamics. In the next section, we
will compute the given measure NC (or NmC ) for some
given IOSD’s, and will show that in almost all the cases
this measure detects non-Markovianity in a very similar
fashion like distinguishability criteria [5].
IV. DYNAMICAL EXAMPLES
A. Single qubit pure dephasing channel
Let us consider a single qubit linearly interacting with
a thermal reservoir, so that the total Hamiltonian is given
by [1]
H = ω0σz +
∑
i
ωia
†
iai +
∑
i
σz(giai + g
∗
i a
†
i ), (12)
where ω0 is the energy-gap in the qubit system, ai and a
†
i
are the annihilation and creation operators and ωi is fre-
quency of the i’th reservoir mode, and gi is the reservoir-
qubit coupling constant for each mode. The exact qubit
master equation resulting from the Eq. (12) is [1, 37]
ρ˙(t) = γ(t)(σzρ(t)σ(z)− ρ(t)), (13)
where γ(t) represents the time-dependent dephasing rate,
which is determined from the spectral density (J (ω)) of
the reservoir [1, 37]. If the environment is initially in a
thermal state, the time-dependent dephasing rate takes
the form [1, 37]
γ(t) =
∫ ∞
0
dωJ (ω) coth[ω/2kBT ] sin(ωt)/ω (14)
From Eq. (13) it is obvious that the dynamics is inco-
herent in usual computational basis. In terms of Kraus
operators, this evolution can be written as,
ρ(t) = K0(t)ρ(0)K
†
0(t) +K1(t)ρ(0)K
†
1(t), (15)
with K0(t) =
√
1− p(t)/2 1, K1(t) =
√
p(t)/2 σz,
p(t) = 1 − Γ(t), where Γ(t) = exp[−2 ∫ t0 γ(t′)dt′]. For
4arbitrary qubit ρ(0), we have the dynamical map (ρ(t) =
Λdeph(t)ρ(0)) for the dephasing channel as
ρ(t) =
(
ρ00(0) ρ01(0)Γ(t)
ρ10(0)Γ(t) ρ11(0)
)
. (16)
Therefore the l1-norm of coherence Cl1(ρ(t)) =
2|ρ10(0)|Γ(t), and dCl1(ρ(t))dt > 0 is clearly equivalent
to γ(t) < 0. Further calculation shows that the non-
Markovianity measure given in Eq. (10) for the dephasing
dynamics is
NCl1 (Λdeph) = −2
∫
γ(t)<0
γ(t)Γ(t)dt, (17)
which matches exactly with well known BLP measure
based on distinguishability criteria [5] and measure due
to quantum interferometric power [23]. Since BLP wit-
ness of non-Markovianity is closely associated with the
back-flow of information from the environment to the sys-
tem, the coherence measure of non-Markovianity captures
the intrinsic back-flow of information in system-reservoir
interaction, which results in a temporal increment of QC
in the system.
We now consider a particular type of reservoir charac-
terized by the Ohmic spectral density function as follows
J (ω) = ω
s
ωs−1c
e−ω/ωc ; (18)
where s is the Ohmicity parameter, and ωc is the cut-
off spectral frequency. In zero temperature the dephasing
rate (Eq. (14)) takes the form
γ0(t, s) = [1 + (ωct)
2]−s/2Γ[s] sin[s arctan(ωct)]. (19)
It is known that γ0(t, s) takes temporarily negative val-
ues for s > 2 [38], i.e., the system undergoes non-
Markovian evolution if s > 2. In Fig. 1(a) we show
the variation of coherence measure of non-Markovianity
(NCl1 (Λdeph)) with the Ohmicity parameter s. We no-
tice that NCl1 (Λdeph) assumes non-zero values only for
s > 2 and has vanishing values for s > 5. In Fig. 1(b)
we show the contrasting behavior in the dynamics of Cl1
of the maximally coherent state in Markovian and non-
Markovian regions.
B. Single qubit dissipative channel
We now consider single qubit dissipative dynamics mod-
elled using the Hamiltonian given by [1],
H = ω0σ
z +
∑
i
ωia
†
iai +
∑
i
(giσ
+ai + g
∗
i σ
−a†i ), (20)
where, σ+ and σ− are the raising and lowering operator
for the qubit. The qubit master equation corresponding
to Hamiltonian given in Eq. (20) is,
ρ˙(t) = −i s(t)
2
[σ+σ−, ρ(t)]
+ γ(t) (σ−ρ(t)σ+ − 1
2
{
σ+σ−, ρ(t)
}
), (21)
 0
 0.01
 0.02
 0.03
 0.04
 0  1  2  3  4  5  6  7  8
N Cl1
s
γ(t
) >
 0
γ(t) < 0
(a)
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  1  2  3  4  5  6  7  8  9  10
Cl1
ωc t
(b)
s = 1.5
s = 3.5
Figure 1. (Color online.)(a) Coherence measure of non-
Markovianity (NCl1 (Λdeph)) for single qubit dephasing channel
given in Eq. (13) with spectral density J (ω) given in Eq. (18).
We plot the variation of NCl1 (Λdeph) with the Ohmicity pa-
rameter s. Clearly NCl1 (Λdeph) = 0 in the Markovian region
s ≤ 2 and has vanishing values for s > 5. We note that, for this
model, the coherence non-Markovianity measure is identical to
the measure derived from BLP criteria [5] and the measure due
to quantum interferometric power [23]. (b) The time evolu-
tion of l1-norm of coherence (Cl1) of maximally coherent state
under the dephasing channel in Markovian (s = 1.5) (green
solid line) and non-Markovian region (s = 3.5) (blue dashed
line). We observe a non-monotonic behavior of Cl1 due to the
back-flow of information from the environment to the system
in non-Markovian region as Cl1 becomes an increasing function
of time after ωct ≈ 1, whereas in Markovian region Cl1 remains
as a monotonically decreasing function of time.
with s(t) = −2 Im G˙(t)G(t) and γ(t) = −2 Re G˙(t)G(t) , and the
function G(t) is defined as the solution of the integro-
differential equation,
G˙(t) = −
∫ t
0
dt′f(t− t′)G(t). (22)
5The kernel f(t− t′) is derived from the Fourier transform
of the spectral density function J (ω) of the environment,
as follows
f(t− τ) =
∫
J (ω) ei(ω0−ω)(t−t′)dω. (23)
For an arbitrary system qubit (ρ(0)), dynamical map
ρ(t) = Λdiss(t)ρ(0) is given by [1, 39]
ρ(t) =
(
ρ00(0) + ρ11(0)(1− |G(t)|
2) ρ01(0)G(t)
∗
ρ10(0)G(t) ρ11(0)|G(t)|
2
)
.(24)
Therefore the l1-norm of coherence Cl1(ρ(t)) =
2|ρ10(0)||G(t)|, and clearly ddt |G(t)| > 0 will mark the
emergence of non-Markovianity. The coherence measure
of non-markovianity will be simply
NCl1 (Λdiss) = −
∫
d
dt
|G(t)|>0
d
dt
|G(t)|dt. (25)
This detects non-Markovianity in a similar fashion like the
measures given in Refs. [5, 18, 23].
We now consider a particular type of reservoir where the
spectral density J (ω) is given by a Lorentzian distribution
as follows,
J (ω) = γ0λ
2
2π[(ω − ωc)2 + λ2] , (26)
where ωc represents the central frequency of the
Lorentzian distribution, γ0 is the system-reservoir cou-
pling constant which is related to the Markovian decay
of the system, and is the inverse of the system relaxation
time (τs =
1
γ0
), λ is the spectral width of the distribu-
tion, which is intern the inverse of the reservoir correla-
tion time (τr =
1
λ ). It is known that the dynamics is
Markovian in the weak coupling regime where γ0 < λ/2
[23]. For γ0 > λ/2 the evolution exhibits non-Markovian
nature. For the Lorentzian sprectral density (Eq.(26)),
the function G(t) takes the form
G(t) = e
−(λ−iδ)t
2
[
cosh
(
ηt
2
)
+
(λ− iδ)
η
sinh
(
ηt
2
)]
, (27)
where η =
√
(λ− iδ)2 − 2γ0λ, and δ = ω0 − ωc, the
system-reservoir frequency detuning. In Fig. 2(a) we show
the variation of coherence measure of non-Markovianity
(NCl1 (Λdiss)) with with the ratio of the system-reservoir
coupling and the spectral width of the distribution γ0/λ.
We observe that NCl1 (Λdiss) has non-zero values only for
γ0/λ > 0.5. In Fig. 2(b) we show that dynamics of Cl1
of the maximally coherent state in time is monotonically
decreasing in Markovian region, but non-monotonicity ap-
pears in non-Markovian region because of the presence of
back-flow of information in system-environment interac-
tion.
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Figure 2. (Color online.)(a) Coherence measure of non-
Markovianity (NCl1 (Λdiss)) for single qubit dissipative chan-
nel given in Eq. (21) with Lorentzian spectral density J (ω)
given in Eq. (26). We plot the variation of NCl1 (Λdiss)
with the ratio of the system-reservoir coupling and the spec-
tral width of the distribution γ0/λ. NCl1 (Λdiss) = 0 in the
Markovian region γ0/λ < 0.5, and assumes non-zero values for
γ0/λ > 0.5. We have set the system-reservoir frequency de-
tuning as δ = 0.001γ0. (b) The time evolution of l1-norm of
coherence (Cl1) of maximally coherent state under the dissipa-
tive channel in Markovian (γ0/λ = 0.4) (green solid line) and
non-Markovian region (γ0/λ = 4) (blue dashed line). As before
we notice a non-monotonic behavior of Cl1 in non-Markovian
region, whereas in Markovian region Cl1 remains as a mono-
tonically decreasing function of time.
C. Two qubit dephasing channel with global
reservoir
Let us now consider two interacting qubit coupled to a
common thermal reservoir with total Hamiltonian
H = HS +
∑
i
ωia
†
iai +
Sz
2
∑
i
(giai + g
∗
i a
†
i ), (28)
6with
HS =
2∑
i=1
ǫiσzi/2 + Jσz1σz2/2 (29)
and Sz = (σz1 + σz2) and J is the coupilng parameter be-
tween two qubit subsystems. The exact master equation
corresponding to the Hamiltonian is [40]
ρ˙(t) =− i[HS , ρ(t)]
+ γ(t)(Szρ(t)Sz − 1
2
{S2z , ρ(t)}), (30)
where γ(t) is the time dependent dephasing rate deter-
mined from the spectral density function J (ω) given in
Eq. (14). Clearly Eq. (30) represents an IOSD in usual
computational basis. Computing l1-norm of coherence for
this channel, we find that γ(t) < 0 will mark the emer-
gence of non-Markovianity and the coherence measure of
non-Markovianity will be given by,
NCl1 (Λ2-deph) = −4
∫
γ(t)<0
γ(t)(Γ(t) + Γ(t)4)dt, (31)
where Γ(t) = exp[−2 ∫ t
0
γ(t′)dt′].
If we apply independent dephasing channels
(Λ2-deph-ind) to the qubits instead of one common
reservoir, the measure NCl1 (Λ2-deph-ind) assumes the form
NCl1 (Λ2-deph-ind) = −4
∫
γ(t)<0
γ(t)(Γ(t) + Γ(t)2)dt. (32)
D. Two qubit dissipative channel with global
reservoir
We now consider a dissipative dynamics where two-
qubit interacting system is coupled to a common reservoir
given by the total Hamiltonian
H =
ω0
2
∑
i
σzi +
J
2
∑
i6=j
σ+i σ
−
j
+
∑
~k
[
g~k(σ
+
i a~k + σ
+
2 a~ke
i~k.~d) +H.C.
]
, (33)
where a~k is the annihilation operator of the
~k-mode field of
the reservoir, ~d is the distance between the two interacting
qubits, and g~k is the coupling strength between the
~k-
mode field and the qubits. The time local master equation
of the reduced two-qubit system is given by [41]
ρ˙(t) =
γ(t)
2
sin(qd)
qd
(
2σ−1 ρ(t)σ
+
2 − {σ+2 σ−1 , ρ(t)}
)
+
γ(t)
2
sin(qd)
qd
(
2σ−2 ρ(t)σ
+
1 − {σ+1 σ−2 , ρ(t)}
)
+
γ(t)
2
∑
j=1,2
(
2σ−j ρ(t)σ
+
j − {σ+j σ−j , ρ(t)}
)
, (34)
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Figure 3. (Color online.)(a) Simplified coherence measure
of non-Markovianity (NmCl1
(Λ2-diss)) for two-qubit dissipative
channel given in Eq. (34) with Lorentzian spectral density
J (ω) given in Eq. (26). We map the variation of NmCl1
(Λ2-diss)
with the ratio of the system-reservoir coupling and the spectral
width of the distribution γ0/λ (along the horizontal axis) and
with B (along the vertical axix). NmCl1
(Λ2-diss) have non-zero
values one for γ0/λ > 0.5 in non-Markovian region. (b) Com-
parision of the time evolution of l1-norm of coherence (Cl1)
of maximally coherent state under the two-qubit dissipative
channel in Markovian (γ0/λ = 0.4) (green solid line) and non-
Markovian region (γ0/λ = 4) (blue dashed line) for B = 0.5.
where γ(t) is the time dependent dissipation rate, d = |~d|,
and q = ω0/c with ω0 being the energy spacing of the
qubits and c being the speed of light.
Clearly in usual computational basis
({|00〉 , |01〉 , |10〉 , |11〉}) the dynamics given in Eq.
(34) is not an IOSD. But if we choose the basis of the
two-qubit system like
|ψ0〉 = |00〉 ; |ψ1〉 = (|01〉 − |10〉)/
√
2;
|ψ2〉 = (|01〉+ |10〉)/
√
2; |ψ3〉 = |11〉 , (35)
then we find that the dynamics in Eq. (34) becomes
7incoherent through verifying the condition given in Eq.
(7)[42]. Under this channel the off-diagonal elements of
an arbitrary two-qubit state ρ(0) in this basis will evolve
as follows
ρ12(t) = ρ12(0)e
−
(3+B)
2 Λ(t), ρ13(t) = ρ13(0)e
−
(3−B)
2 Λ(t),
ρ14(t) = ρ14(0)e
−Λ(t), ρ23(t) = ρ23(0)e
−Λ(t),
ρ24(t) =
(
ρ24(0) + ρ12(0)(1 + B)(1− e−Λ(t))
)
e−
(1+B)
2 Λ(t),
ρ34(t) =
(
ρ34(0)− ρ13(0)(1− B)(1− e−Λ(t))
)
e−
(1−B)
2 Λ(t),
(36)
where Λ(t) =
∫ t
0 γ(t
′)dt′ and B = sin(qd)/qd. Note
that the limit d → ∞ (i.e., B → 0), implies that inde-
pendent identical dissipative channels are acting on the
qubits separately. By calculating l1-norm of coherence
using Eq. (36) and using the criteria of non-Markovianity
(
dCl1(ρ(t))
dt > 0) we find that the dynamics in Eq. (34)
is non-Markovian if and only if γ(t) temporarily becomes
negative.
We now assume that the reservoir has an effective spec-
tral density J (ω) of the Lorentzian form given in Eq. (26).
In zero temperature the dissipation rate γ(t) assumes the
form
γ(t) =
2γ0λ sinh(η
′t/2)
η′ cosh(η′t/2) + λ sinh(η′t/2)
, (37)
where η′ =
√
λ2 − 2γ0λ, and then Λ(t) is given by
Λ(t) = λt+2 ln η′−2 ln[η′ cosh(η′t/2)+λ sinh(η′t/2)]. Now
the evaluation of coherence measure of non-Markovianity
NCl1 (Λ2-diss) is complicated for this system due to the
optimization over the set of all coherent states Ic. So
we take the simplified measure NmCl1 (Λ2-diss) given in Eq.
(11), where the maximization is done over all maximally
coherent states {|Ψd〉}. Numerical simulation shows that
the optimization involved in Eq. (11) occurs for the state
(|ψ0〉− |ψ2〉+ i |ψ2〉+ |ψ3〉)/2, which makes the evaluation
of the measure easier. In Fig. (3)(a), We map the varia-
tion of simplified coherence measure of non-Markovianity
(NmCl1 (Λ2-diss)) with the ratio of the system-reservoir cou-
pling and the spectral width of the distribution γ0/λ for
different values of B. From the figure it is evident that
the dynamics is non-Markovian for γ0/λ > 0.5. In Fig.
3(b) we show the dynamics of Cl1 in Markovian as well as
non-Markovian region for B = 0.5.
V. CONCLUDING REMARKS
In this paper, we have introduced a figure of merit for
non-Markovianity using coherence of a system interacting
with the environment. We have presented a detailed inves-
tigation of these non-Markovian effects on the dynamics
of QC from the backdrop of recently developing coherence
resource theory. We have shown that under the allowed
incoherent operation criteria, the partial flow-back of the
previously lost information to the system from environ-
ment affects the monotonicity of the valid coherence mea-
sure due to non-Markovian feature of the dynamics. This
is similar to the cases of non-Markovian effects on the
distinguishability between two different states and other
quantum information measures [5, 7, 18–24]. In this work,
we have taken the l1-norm of coherence as the valid mea-
sure, but we can rightfully surmise that other QC mea-
sures like relative entropy of coherence [32] or geometric
measures of coherence [43, 44] will also show similar be-
havior.
We have studied the behavior of dephasing and dissi-
pative dynamics in one and two qubit scenarios in great
detail and followed the transition from Markovian to non-
Markovian regimes based on non-monotonic behavior of
QC measures. Our work clearly suggests that coher-
ence measure of non-Markovianity rightfully captures the
essence of non-Markovian features like the back-flow of in-
formation from the environment to the system and quan-
titatively less complicated to obtain due to simpler opti-
mization process. Another advantage associated with the
use of the QC measures to characterize non-Markovianity,
is that it can be easily extended to infinite dimensional
systems [45]. It also shows that the non-Markovian fea-
tures of system-environment coupling can be utilized for
the purpose of invoking coherence back into the system,
which in the usual Markovian dynamical mapping was not
possible.
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